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Abstract

This article reviews the origins and development ofctiresumptiorbased asset priag theory

over the last four decadeStarting with the original CCAPM derivations by Rubinstein (1976),
BreedenLitzenbergr (1978) and Breeden (1979), as well as related work by Lucas (1978), both
theory and subsequent tests are reviewed, and some new applications are provided. While initial
empirical tests such as those of HarSargleton (1983) and Meharescott (1985)vere largely
negative, more recent tests are much more supportive of CCAPM theory. Empstaic
severhauthors are presented, includitigpse of LettatLudvigson (2001), who use a
consumption/wealth conditioning variable, ParBealliard (2005)\n 0 ex ami ne Aul t i ma
consumpti on bet aMangd20@/)ywiho exaanmeimsgear tebision making

effects on tests. Important second generation consurdApdiesed asset pricing advances of

Campbell and Cochrane (1999) externalhabit formationrand Bansal and Yaron (2004) on

long-run risk arealso reviewedThesemodels develop utility functions thate consistenwith
bothlargecyclical changes in relative risk aversiandrisk premiumsandlagged impacts of
aggregate consumption changesisk premiums These second generation modese nany

free parameters arate able to fit thempiricaldata much better than the first generation

CCAPM models.



[. Introduction.

Consumptiorbased asset pricing mels have beeamongthe leading multipeod
general equilibrium asset pricing modeiginancial economicsesearctior the past 35 years.
The Consumption Capital Asset Pricing Model (CCAPM) was first derived in the late 1970s in
successively more general models by Rubinstein (1976), Breaddttaenberger (1978), and
Breeden (1979). While Lucas (1978) did not derive the CCAPM formula, his work on Euler
equations was also helpful to many empiricists in subsequent conswiasied asset pricing
tests. The CCAPMbuilt on theclassicsingleperiod marketbasedCAPM of Sharpe (1964) and
Lintner (1965), as well asn thesubsequent major wok the Intertemporal CAPMy Merton

(1973) The Consumppon CAPM links asset pricing with macroeconomic risk.

The CCAPM states that the expected exaeturn on any risky asset should be
proportional to its fAconsumption beta. o Thes
sensitivities of returns to movements in real consumption spending have more systematic risk
and should have proportionately hey excess returns. They pay off more when consumption is
high and marginal utility is low, and pay less when consumption is low and marginal utility is
high, so they are worth less in price and have higher equilibrium returns. This is different from
theoriginal marketorientedCAPM insights of Sharpe (1964) and Lintner (1965), as real
consumption growth is not perfecttprelatedwith market returns. In a multiperiod model,
marketwealthcan be high and still have marginal utility be high if the gimeent opportunity
set is good, as shown by Merton (1973) and Breeden (1984).

'See p. 412 of Rubinstein (1976) , egs. 26 and 27 in Bredtmmberger (1978) and
eqs. 19, 196, and 35 in Breeden (1979) for th
paper has also been credited with CCAPM development, but the paper has no equations with
consumption covariances or consumption betas and no CCAPM asse pritimm r mu | a . Luc
development of the relation of asset prices to marginal utility is similar in economic intuition to
the timestate preference literature of Hirshleifer (1970, Chapter 8), Rubinstein (1974, 1976), and
Ni el sen (1974) . portanticentnbutionsdoebs @ she emistante and
stability of equilibrium and of an equilibrium pricing density with intuitive economic properties.



The first two decades &@CAPM tests produced mixed results. Tests ofsipecial case
of theCCAPM under constant relative risk aversipnHansen and Singleton (198B)ehra and
Prescott (1985and othersejected thenodel Chen, Roll and Ross (1986) found no significant
consumption factor priced when in the presence of other factors, including industrial production,
junk bond returns, and inflation hedgésrossman, Mé@ho and Shiller (1987 Breeden,
Gibbons and LitzenbergeBGL, 1989) and Wheatley (1988) examineeasurement issues in
consumption (such as time aggregation) and their biases on measuredilafard
consumption betas. BGL found a significant pesittoefficient on consumption betas; and
separately a significant positive coefficient on market betas; however, both the CCAPM and the
CAPM were rejected based on stronger form tests of their respective implied first order
conditions.BGL derived two usefl results used by several subsequent authors: (1) biases in
consumption betas due to time aggregation and how those arasesliuced with increased
differencing intervals for consumption growth and (2) estimation of consumption betas relative
to returrs on a consumption mimicking portfolio, which allows greater number and frequency of

observations and more precise estimates of consumption betas.

The very strong theory in support of the CCAPM, contrasted with wadikempirical
support,motivated resarchers to improve both their theoretical and empirical modelihgthe
theoretical sideRye (1972, 1973) and Greenig (1986) developed-tmakiplicative utility
functions, and then Sundaresan (198¥nstantinides (199@nd Abel (1990) modeled habit
formation andhenEpsteinZin (1989) and Weil (1989)often jointly referred to as EXV)
developed preference structures that displayed ¢tioneplementarity in utility for consumption
streams, allowing researchers to separate effects of different ¢éwatisatemporatelative risk
aversion (RRA) from levels of the elasticity of intertemporal substitution (ECGmpbell and
Cochrane (1999gnterproduced arempirically tractable modetith the habit formaon
approach,using n f e xt e r nfadsubkistemde teveloof congdimptiona
Arepresent ad itvhee ii rn dm ovdirattiaaseslinelatigerisk aversion as
surpluis consumption (above habit) gdges/ards zero iseveraecessions. With the flexibility
afforded by this modgethey were able to fit many aspects of empirical data on stock and bond

returns as relted to real consumption growth, especially the risk premium on the stock market,



which Mehra and Prescott (1985) had idnmund was

puzzleo), given the |l ow volatility of real co

In the early 1990s, Mankiw and Zeldes (198dnsidered that many househottid not
own stock at all or in significantThaymnount s, a
pointed ait that there is no reason that the Euler equation should hdiddseholds who are not
investing.They found that fohouseholdsvho actually owned stks, the implied estimates of
relative risk aversion were much more reasonable thamfmseholdsvho did not own stocks.
Heaton and Lucas (1992, 1996) examined fincom
of labor income, thus causing consumers to have more volatile consumption streams. Brav,
Constantinides and Geczy (2002) studied consunegrdépg data and found generally plausible
estimates of relative risk aversion, given th
streams. Vissing or gensen (2002) focused on estimating
substituti on, bowwihch acmsumers thangenthein exgected consumption
growth rate when interest rates or expected returns on assets change. She finds the EIS to be
quite different for stockholders than for nonstockholders, generally getting plausible estimates
for thosewho chose to invest istocks and bonds atmésed orrading offcurrentconsumption

versus futureonsumption

Also on the empirical side, advances were also made in examining changes in
conditional means, variances and covariances and testing conditienstons of the CAPM and
CCAPM, as iHarvey (1991), Ferson and Harvey (1991) Jagannathan and Wang (1996), and
Ferson and Harvey (1999) Particularlyinsightul papers in testing theonditional CCAPM
includeLettau and Ludvigson (2001a, #d Jagarethan and Wang (20Q7).ettauLudvigson
use deviations of consumption frdotal wealth (which includes a human capital estimate in
addition to stock market wealth) as a condi t]i
returns. Theyfindresultsgait compati bl e with Mertonds (1973)
intertemporal theories, in that high consumptiensuswealth is a predictor of future investment
returns, as consumers optimally smooth forward those changes in expected returns. Lettau and
Ludvigsa also find significant differences in the movements of consumption betas of value vs.

growth stocks during recessionghey find that alue stocks tend to have much larger increases



in consumption betas during recessions, when risks and risk premiuhigharehich helpgo
explain the Fam&rench (1992findingsof higher returns on value stocks than predicted by the
unconditional CCAPM betasesultswhich were viewed as anomalou¥agannathan and Wang
use recession and expansion periods identifiethéWBER as a conditioning variable, and find
that conditional consumption betas are excellent in describing conditional mean returns on the

FamaFrench portfolios.

More recently, Bansal and Yar@rg2004)article has had major impact by modeling the
Alng run risko caused by small, persistent sho
growth. They show that variance of real consumption growth grows more than proportionally
with time, which isconsistent witlthe persistence of growth shock&dditionally, they provide
evidence that shows that the conditional volatility of consumption is\wangng, which leads
naturally to timevarying risk premia.Much subsequentesearch has been damethis long run
risk model, most notably in the papby BansalDittmar,andKiku (2009). Bansal, Dittmar and
Kiku show that aggregate consumption and aggregate dividends have a cointegrating relation.
They observethd@tt he devi ation of the |l evel of dividen
vai abl e) is important for predictingl8anddi dend
10 years). Imposing cointegration allows them to predict 11.5% of the variatieyear 1
returns, whereas only 7.5% of the variation is predicted withoategpiation. Their conditional
consumption betas account for about 75% of the egesgsonal variation in risk premfar the

oneyear horizon, and 85%br long horizons.

After Grossman, Melino and Shill¢t987) and Beeden, Gibbons and Litzenberger
(1989) raised concerns about measuring consumption, in 2005 Parker and Jullised thladvi
IS I mportant t o measur esindecdnsdumptiom thangeseosiow u mpt i on
moving, and could take-2 years for the full effects to be observed. dsmeasures ahese
ultimate consumption betas, they were able to explain much of the FHameh(19R) effects
for sizerelated portfolios and value vs. growth (book/market) portfolios.

Jagannathan and Wang (2007) show Wtetn consumption betas obsks are computed

using yeatoveryear consumption growth based upon the fourth quarter, the consutbated



CAPM explains the crossection of stock returns as well as the Fama and French) (t®6e

factor model. Jagannathaiiang argue that major iegtment and job decisions are most often

made in the fourth quarter, as investors and firms plan for the coming year, so this is when the

Euler equations should fit bedtor estimation of consumption betas, they follow Breeden
GibbonsLitzenberger (1989 n usi ng a fAconsump(@CMRformedifrom c ki ng
the 6 Famd-rench benchmark portfolios, using weights from an OLS regresSmmsumption

growth on the benchmark portfoliod his allows them to substitusgnchronous portfolio

returns fo (time aggregated) real consumption growth in the empirical tests, giving more

precisely estimated consumption betas.

The plan of the paper is as followSection Il derives the main theoretical results for
aggregation of consumption in a discrete tistete preference model, atin the CCAPM in
Mer t on & s -tene mdadel Seatiorulls derives the term structure of interest rates from the
term structure of expected growth of consumption, the term structure of volatility and the term
structure of ifiation, and then shows tests of this theory. Section IV discsssagedearly
1980s tests of the CCAPRNhd focuses on the equity premium puzzle of Mehra and Prescott,
given its large impact on subsequent resea8gttion V presents the Breeden, Gibs,
Litzenberger derivations for time aggregation and the consumption mimicking por$aaion
VI presents the advances in modeling utility maximization withtimoa-separable utility
function. Section Mldiscussesignificantresearch on limite@articipation and incomplete
markets. Section Vlpresents the 1990s empirical modeling of changing conditional risks and
changng risk premiums. Section I¥iscusses the advancesmpirical applications ahodels
with habit formationled by the Cambell-Cochrane model. Sectiotipresents the 2002007
results on modeling changes in conditional consumption risk and changes in the investment and
job opportunity sets, led by Lettau and Ludvigson. Sectiopr&sents the longun risk model
and testsrad developmentsased orthe original work by Bansal and YaroBection Xl|
presents research on cash flow betas (dividends and profitsql@onsumptiorgrowthversus
market returns As the consumptictvased asset pricing literature is so vastton Xlll
presentslescriptions of additionaelected works in thastdecade, which has been dominated
by additional extensions and tests of competing empirical models with habit forph@tignun

risk and disaster riskSection XV makes some concluaj remarks.



Il. Review of Consumption CAPM Theory.

A. Individuals Are Different. Aggregation of Consumption

In reality, investment counselors know that individuals are often quite different in their
preferences and behavior, having different levels &faigrsion different tax backetsand
different preferences with regard to nonlinear risks, such as those causing positive and negative
skewness (i.e., tail risks). Some prefer to lever up to get high returns and are willing to accept
high risks, whileothers choose to hold a lot of Treasury securities and low return/low risk
combinations. Some are willing to write insurance by taking credit risks or fixed rate mortgage
prepayment risks, while others wish to purchase portfolio insurance, paying topiicie
downside risk while retaining much of the upside potential. Reactions to alternate possible
consumption paths can also vary quite a lot, as some individuals may be comfakisalgi¢he
risk of having to reduce consumption significantly if megskfall sharply, while others may go to
extreme lengths to smooth consumption or to protect their consumption from going below a
certainsubsistencéhreshold.

Dealing with heterogeneous preferences like these is a challenge analytically to asset pricing
theoristsPaper s have been written on the fAaggregat
to have heterogeneous preferences and yet derive asset pricing results in terms of aggregate
wealth or aggregate consumptiorYet it is surprising that many the most welknown articles
in consumptiorbased asset pricirgimply assune eitheridentical individuals othe existence of
afirepreentative individuale.g.Lucas (1978), Campbe@ochrane (1999), Bans#karon
(2004). This may lead students to iesle that the aggregation problem is unsolvable and that
we have to just assume it away. That is not true in some important cases, as shown by Merton
(1973), Breeden and Litzenberger (1978) and Breeden (1979), which derive the Intertemporal
CAPM (ICAPM) and the Consumption CAPM (CCAPM) and actually are able to aggregate
fully diverse preferences in the class of tiaditive utility functions.It is insightful to show
how market price signals coordinate optimal consumption plans in such a way thagkegitim

aggregation results can be obtained.



Breeden and Litzenberger (1978, Theorem 1) provide the most general aggregation
theorem that we are aware of to datee Mge her basic timestate preference model derive
theaggregation resultEach individwal, k, chooseplannedconsumptiond , for each timestate
ts, which maximizes the expected value aftimeadditive utility function® @ Fo , subjectto
the usual budget constraimtrinitial wealth,& . Individualsare assumed to agree on the
subjective probabilities for state$ {}, which sum to 1.0 for each date. Markets are assumed to
be complete, and th&rrow securityprice of insurancéhatpays $1.00 if and only if state
occuringat time t is%es To find the optimal contingent consumption plan, individuals maximize

the Lagrangian:

maxL =u5(c;) + & 8 P (e +/ W - o - & & 7. (1)
Cs t s

t ds

Firstorder conditions for a maximum give:

k r~K
&k:u@k- /*=0Y /*=uj where: u 1 w 2)
MGy MCis
.k
ik =pLui - /*f, =0 Y f = ,Os_uktg =price of $1 in timestate ts. (3)
af.. 0 ; .
s x aelTSlQ High MU means low Consumptiof
.k %ﬂislg wtlsl 0
utls f - 1 e 0 . ..
Y ==-*t Y —e&4 0= 5 (for all individuals, k) (4)
Ui P Ui %, 6 Ffs 5
T @6 | Low MU means high Consumptio

So if ordered from high to lowstateprice/probability ratios at the optimum are positively and
monobnically related to marginal utilities in different states, and negatively related to

consumption across stateédl/ith homogeneous probability beliefs, the price/probability ratios

computed for all are the same for each individual and the ordering of states froim llowghoy
price/probability ratios will also order states by optimal consumption levels from low to high.

And i f every individual 6s optimal consumpti on

can clearly see that tom aggrégaté camrisumptiod isalser yone o s



ordered in the same way. Given that, then there exists a positive, monotonic functional
relationship of eotoothaggregdte corisumptad, 6 ¥ 6c O Mwherem

"Q 1 Opti mal r es p o ncomrssmption planstaprice/prababdity ratids across
states have coordi nat e &inceeveeymdivaume &arginal atititg u mpt i o
of consumptions the samdor a given level of aggregate consumptsordis thesame

monotoncally decreasing functioof aggregate consumptioan aggregatetility function that is
monotonicallyincreasing and strictly concave followBurthermore,ieac h i ndi vi dual 0 s
function has a positive third derivative (imgidi by decreasing absolute riskession), Kraus and
Litzenberger 1983 have shown that the aggregate utility function would atseela positive

third derivative and decreasing absolute risk aversidre positive third derivative implies a

preference foskewness, which implieseteris paribusthat assets having a convex relation to

consumption would be preferred to those having a concave relation with consumption.

Understanding this consumption aggregation resultin 197&vway t o Br eedend s
well knownderivation of the Consumption CAPIn the very general framewor¥ the
continuoustime model of Merton (1969, 1971, 1973). Then at the University of Chicago, he
brought together insights fromthe treet at e pr ef erence model s ( AWes
devel oped at Berkeley, Stanf or d-timemdodeldGfILA) and
Merton and Cox, Ingersoll and Ross (1985) developed at MIT, Yale and Penn. Breeden
reasoned that i f every individual dasingonsumpt i
function of aggregate consumptiona complete markeit must be the case thesen in an
incomplete marketmovements in aggregate congutian would locallydeterminemovements
in marginal utilities for everyone, to the extent permitteeigting securities He showed that
randomnessin ndi vi dual sd const r aininoemdplete markenoddbe c ons um
uncorrelated with all assetsd returns, for if
assetds r et ur n, onchadgesmwerd then inat aximalyncerielatgdtwith

aggregate consumption and the consumption plan was not optimal.

Substituting the fact that each individual
aggregate real consumptiomie see that state peis depend only upon their probabilities, the

level of real aggregate consumption in the state and the level of aggregate consumption today:



b % ——— GE 0 - (5)

These state pricder aggregate consumption claimenbes ed t o val ue -any secu
state contingent payoft time tin terms of its joint probability distribution with aggregate real

consumption athatdate, which gives consumptidrased asset pricing for all assets.

If the cash flows to a security different future dates and states are the sg},{tken
those cash flows can be replicated by purchasing Arrow securities and, to avoid arbitrage, must

have a present valuepMhat is the cost of the replicating portfolio, which is (substitutindgp¥q.

W W BBy.w %® B -—m— (6)

Dividing by the initial price to put the payoffs in return forme get the Euler equation forms:

3¢

p B —— for every asset 7

WeEQ m B hoh , for any two assets i and j.(8)

These Euler equations are often tested by econometricians, following Hansen and Singleton
(1983). While the Euler conditions haveequently been tested assuming a representative
investor with constant relative risk aversion, the above analysis is consistent with any
monotonically increasing, strictly concave aggregate utility function that is based on diverse
individual preferenceand endowments. For example, an aggregate utility function displaying
decreasing relative risk aversion is consistent with the above equations and would imply risk
premiums that increase in economic contractions and decrease in economic expansions. The
parameters of the aggregate utility function should be estimated by the econometrician, rather

than restricted a priori without any theoretical justification.
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B. Consumption CAPM in Continuous Time Model with Incomplete Markets

Aft er Shar pdevaedopment bfithe singlgenod GAPM, Fama (1970),
Hakansson (1970) and others recognized that multiperiod optimal por{iticspt for the
special case afarrowlog utility) would be different from the presgtions of singleperiod

models becausedni vi dual s6 indirect wutility funct.i

opportunity set.In his continuoustime model, Merton (1969, 1971 and 19d8yeloped the

most elegant solution to this problem. He first derived optimal consumption afaipattles,

finding additional risk elements hat make i ndi vidual sdé opti mal

the market portfolipbecauseas individualglesireto hede or reverse hedgmainst changes in
the investmenandbr job market opportunityes. These ne risksarepriced ina multibeta

intertemporal CAPM, extending the Shaflgatner model quite significanttyMe r t on & s

was a path breaking contributibecause of three key elements of generality that researchers in

financial economicsiewed as quite importa@aind attractive:

(1) Individuals were allowed to be fultiversein preferences within the class of time

additive utility functions, which were the common assumption at the time. So, 1 billion

individuals could have 1 bibn different preference functions (aqdite general and

changeableisk aversions) foconsumption. Note that nothing preventedlativerisk

aversions of individualand market risk premiuno get very large as consumption fell to

low levels, for exarple, as in more recent models wikternalhabit formation

(2) Asset prices and consumption levels were allowed to follow very general diffusion

processes, withonditionally changing drifts, volatilities and correlations, which can
generate tremenddydifferent probability distributions over discrete intervals

(displaying nomormality, norlognormality, and optiotlike features, for example).

Thus,Me r t ICARMY1973,p.872and Br eedenbds s(10MOspeapd)e nt

clearly were done in tars of conditionally expected returns and conditional consumption

betag(a point thatloes not appear to be apprecidtggdome subsequeatithors.

11
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(3) Markets werenotassumed to beomplete in the sense that Merton did not assume

that there were assais portfolios that would replicate the behavioraody or all

economically important state variables. Thus, the allocation that was achieved was not
necessar-opyi mRahretor efficient, but was me
with existingmarkets. Of course, the complete neskcase is a special casdnisf

model s o Mer t on ocentiraigus timBnodels apgyrtdbsth complete and

incomplete markets.

Mertonds (19 7CAPM shavddhat,tinegnipboiumathe vector of
instantaneousxpected excess returns on risky asgets,is equal to thenatrix ofbetas relative
to the market portfolio and relative to the S state variables for the investment opportunity set,
multiplied by thevector ofrisk premia for each of the S+ikks:

H » n:HqJ,‘sz L (ICAPM) (9)

Me r tsICAFRM has empirical implicationthat are similatothoseoRossd6s (1976)
Arbitrage Pricing Theory (APT). However, Rossaisitistical assumpins and merely the
absence of arbitrage to derive his APT, whereas Mert@angeaby weaker statistical
assumptions and stronger econoassumption$o derive the ICAPM.TestingopfMer t on 6 s
ICAPMa nd Ro swa8 ishibite® Ay the fact that there wean unspecified number of
opportunity set state variablés factors)and that it was unclear whether thearresponding
risk premiumswvould be positive or negative for different state variatemny empirical articles
focused o the weak prediction dhese theories.e., the existence of several price factors, rather
than predictions of which factors should be pddsased on tha prioritheory.Indeedthese
modelsseemed to give those who tried to gthe model too much freedom to data mine in

choosing state variabléesh at had fist atrisksptemianasl | 'y signi ficant

Breedendés (1979) article derived the Consu
intertempor al mo d e | that Merton used, showing
be replaced with a single beta relative to consumption and that risk premia for the state variables

should all be proportional to their consumption betas. An outline afenigation follows:

12



Following Merton(1973) at each instant, each individual kodses dynamically an
optimal consumption rate¥,cand an optimal Ax1 vector of risky asset portfolio weights,
where the residual is invested in the riskless asgefl-#0 . An optimal policyat every

instantmaximizes the sum of instantaneous utility of current consumption plexpleeted
change in remaining expected utility of lifetime consumpti&wi,s,t), wheresis an Sx1
vector of state variablebat describe the investment and income opportunity setsBdllmean
equation says that the followimgaximummust be0, or else the dynamic plan is not optimal:

A0, .
T 5F O wm Oc—ec (10)
Merton then invokes | tods Lemmaf:to
o ® H » 1 o o ;
R XY B VIR SV Hy .
Loy D U'p
T aWww
w h: Cr Uy
o0 lLvt A W o Ty P
Vi ”'v ll_va TMw = w HIRA4 Vi
(11

whereV,,= AXA covariance matrix ofisky asset returnd/,s= AxS covariance matrix with
state variables, aldss= SxS covariance matrix for state variables. Mean vectons,arel s,
respectively. Subscripts on the J function indicate first and second partial derivaeresg

deiivatives of control variables &, and solving fothe optinal portfolioand consumptiogives

S "Y-"- H » T T 9 v (12

€A

and 6 o 0 w hwo (Envelope condibn) (13

13

comp



Where'y  — i Qb Do Qi '@ @@ oand 5 ——

-—||78equal s to i npriewitdu alof Kdeerdsge nhge dogi mgode demands

portfolios that best hedge against changes in the investment and income opportunity se¥ vector,

The envelope conditioshowsthat the marginal utility of $1 consumed must equal to the
margnal utility of $1 investedThis means that in individual portfolio equilibrium the
individual 6s indirect marginal utility of wea
as well as her wealth, would equity the marginal utility of her consumption, which only depends
on he consumptionDifferentiating the envelope conditiavith respect to wealtth and then

state variableand then substituting intp gives:

6w 0 and o 4 L (14)

L
So Y and Iy —— i~ (15)

To gain insight into the optimal dynamic portfolios and consumption pdessnethe
special case wheradividual investors have constant relative risk aversion, which differs across
individuals. let sy be the vector of percentage compensating variations in wealth that would
hold lifetime utility constant for state varigbs 6 changes. Breeden (1984)
v w p Y g (16)

and that optimal consumptions sensitivities to state asadre:

v oo p Y a5 (17)

14



Many authors have estimated typical relative risk aversion to be much greater ttsantiiad,

the inverse of relative risk aversion, relative risk toleraceis much smaller than 1.0.

Thereforefor most people we assump  "Y is positive.

If a state variabl&s a good one (in that high€means higher expected lii@me utility),

its compensating variation in wealth, will be negative. Eq. @ shows that with normal

relative risk aversior(, is then negative and the individual holdssets that hedge against
adverse changes in the opportunity segjiving higher wealth when the good state variables
decline. We see from eq.7)lthat current consumption will increase wh@increases,

smoothing lifetime consumption, given normal relative risk aversion.

Incontrast, den agaeidiadudvehp lasanuehthigherdolerance for
risk, with 4° p. It follows from (17) that such a speculator would reduce current consumption
to invest more when investment opportunities improve. The speculator would also invest in
assets that give higher wealth when opportunities are good and lower wealthppbenraties
are poor. Such consumption and portfolio strategies give the speculator a higher lifetime mean
consumption stream, but with much higher volatility.

Substituting (4) and (5) into (12) and premultiplying by(f) T and rearrangig gives

@ Ay Y > 18
T T Virv H (18)
Using |t ods®Llhetmrhe stdclmstic partofis: Q0 ® Qo 4K QV so:
t Vector of covariances: L T @ T W (19)
Substituting (®) into (18) gives: T YH » (20)

This says that, for each individual, assets are held in the portfolio in proportions that result in an

15



optimal consumtion rate that covaries with each asset in proportion to its expected excess

return. Individuals do not influendd  » Theycontrol® and, thuse & Hhwo .

The aggregate consumption rale B @ B 1 T B Y H > (21

Dividing by C H » Y 15 x E A OFR B’%"\f’z % (22)

For any portfolio M: Y . b Y — hld (23)
m- F

Substituting (3) into (22) gives the Consumption CAPM:

Alim e w0 .
H » Lyim e f l (CCAPM) (%)

J.l I'V. L} F
This shows that the Ax1 vector of (conditional) expeeteckss returns on riskagsets in
equilibrium is proportional the th&x1 vector of the betas with respect to percentage chamges
realaggregate consumption. Mertonds S+1 betas |
Note that the CCAPM of (22) is identical in form to the original Shduiptner CAPM, but with
thervect or of mar ket betas being replaced by a

for asset | is its consumption beta divided b

An interesting issue is how the consumption CAPM replicates the risk pi@mia
Mertonds | ntert enip ol(akhereGhar®ida predomindncefofcthedgers and
7 T O2 {@where there is a predominancespeculatorsdr reverse hedgers). Forl O( , e
world is dominated by people who want to short sell assets pdgitalated to a good state
variable, driving down their prices and giving a positive risk premium. In that world of hedgers,
consumption increases with increases in a good state variable, so the consumption beta for the

state variable is positive, causitigte CCAPM to also give a positive risk premium.

16



In contrast, if the world i2 (and is dominated bgpeculatorsréverse hedgers)
investors will want to go long assets correlated with a good state variable, pushing up their prices
and giving a negativask premium in the ICAPMHowever, in this world, aggregate
consumption is reduced when the good state variable is high (so as to invest more with good
opportunities), which gives a negative consumption beta for the good asset and a negative risk
premiumaccording to the consumption CAPM, duplicating that of the Intertemporal CAPM.
Thus in both worlds dominated by hedgers and by speculators (reverse hedgeZ AP
properly identifies the same ri sk prsanimieum as

therisk for a given state variabtanly requires arestimateof its consumption beta.

The Consumption CAPM was extended to the global economy by Stulz (1981), who
proved that the real expected excess return on a risky asset is pr@btwtioa covariance of its
return with changes in the world consumption ra&dditionally, as Backus and Smith (1993)
proved, if there are no nontraded goads markets are effectively completensumption in
every country ioptimally monotonically relatetb consumption in every other country, an
extension of the aggregation result of Breeden and Litzenberger (1978). But as Stulz (1981)
proved, if there are nontraded goods and consumption oppgrsetst differ across countries,
changes in real consumptioates will not generallige perfectlycorrelatedacross countries
Brandt, Cochrane and Sar@dara (2006) show that real consumption growth correlations are
statistically significant among the major economies of the United States, the United Kingdom,
Germany and Japan, but far from 1.00. With quarterly data, U.S. consumption growth
correlations are 0.31, 0.17 and 0.27 versus the UK, Germany and Japan respectively, and with

annual changes, correlations are higher at 0.42, 0.24 and 0.35.

. Term Structure of Interest Rates, Consumption Growth, Volatility, Inflation.

The previous section focused on the derivation of the Consumption CAPM, which
provides equilibrium expected returns faky assets in terms of their return sensitivities to
aggregate realonsumption. In this section, we examine the pricingstifessbonds and the

term structure of interest rates and the relation of the term struoétrtatsto the term structure
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of expected consumption growth and the term structure of volatilityoiosumption growth.

While the generalerm structureesults for theeconomiegpresented in the prior section are in
Breeden (1986), those results end up being Taylor series approximations to the following simple
model with constant relative risk aversi@ower utility) and lognormally distributed

consumption t h e -LigBdRnalmoded® To uselessspace while gaininggreater
understanding;skless bond prices and implicit annualized interest @teslerivedn the
simpleCRRA-LN model, withidentical powers for alindividuals. This combination of

identical CRRA andlognormality allows the computation olosed form solutions for bond

prices and interest rates.

We assume that the representative individual has the follovewwenuitility function,

where 92 is the constant relative risk aversio
the fAelasticity of intertemporal substitution
0Qd 6 oy — (25)
YYO —® _ % 7 (26)

From the timestate preference valuation model, eq. 6, where the cash flows are $1.00 received
for sure at T, we have that thekiess zero coupon bond price at time t equals expected marginal
utility at time T divided by marginal utility at the present time, t. Given our aggregation result,
this depends generally only upon the utility function and the distribution of aggregate
consumption at T and t. With the power utility function, this simplifies to a dependence only
upon the probability distribution of the percentage growth rate of aggregate consuingotidn

to T.

6r ——— Q0 QI G 27)

6y —— 0 0Q — CRRA (28)

2 See Breeden (1977), Chapter 7.
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Next weassume that aggregate per capita consumption is lognormally distributed, where the
l ogbs mean grows at a cont ifRsv@uascegrows o mpounded
proportionally to timeni®ith annualized vol ati

o aéQE el oA’ Y oORh % Y o (29)

Then please note that flagnormals ifk Qho & QQE ¢ 1 @O ® ‘hodi  ,

thenOw '‘Q ~ . For our lognormal consumption growth, we have:
—kQF @iOx06 " h s 8 (30)
t Y Q h @ i "0 7" ghr

o — Q TR 0B UBi;  Q h = h (31

L p " o
l ’Ij ” Q |‘> ‘ Zﬁ _|‘> r(;,n ZF] (~Y (32)

€ é é g

f 2
p h c’yn h OJ

Applying eq.30for different dates to plot the term structure of interest rates, we see that the term
structure of iterest rates reflects the term structure of expected growth rates for consumption
over different time horizons and the term structure of volatility of consumption growth over

those same horizons.

Breeden (1986) examined the term structor@n economywith individuals who have
time-additive utility functions)with a multigood model and derived corresponding term structure
results in a world with infition and deflation. He derivélde nominal term structure of interest
rates to have real terms as ahdwat now the term structure of inflation is added, along with a
risk premium or risk deduction for the consumption risk of inflation that is imbedded in returns

of nominally riskless bonds. The equataterived is:
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‘l - - K r ‘ z T B r ” h ? (33)

Note that in a model presented subsequently in Section VIII with external habit formation,

Campbell and Cdwoane (1999, eq. 8) found a corresponding equation for riskless rates to be:

i 1T 71 Qrp % i [ —p _i (34)

In both models, we see the daspositive relation of the real rate to expected real consumption
growth,gpas wel |l as the negative relation to vol at
to qgualityo responses of consumer s.elthAddi ti on
riskless rate is affected by where surplus consumptiggiasive to its longerm mean and the

speed of adjustment parametés,

Harvey(1988, 1989, 1991gmpirically tested whether or not the slope oftdren
structure of interest ratestually forecastedxpected real growtbf the whole economy (as
consumption is 70% of GDP and is highly correlatdghth Breeden and Brveyobsenred that
late in the economic cycle near an economic peak, when growth is expected to slow considerably
and possibly enter a recession, the term structure should be negatively sloped, with lower real
rates on longer maturities reflecting slowargerterm growth. Correspondingly, they argued
that near the bottom of a recession, when con
wi || l i kely get bet t darm goowth forecasts®uld be mughehighet e r m, 0

than shorteterm growth and the term structusbould be strongly upward sloping.

Figurel below shows that upward sloping term structures are the norm, as the spread
between 16/ear yields and-8nonth Treasury yields is normally positive. The yield curve slope
was neazero or negativeni1970, 1974, 1980, 1981, 199002001 and in 2002007. Figure

1 alsoshows that in each of these periods the unemployment rate subsequently surged:
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Figurel

Term Structure Slope (10¥r-3Mo) and Unemployment Rate
semiannual Data 1960-201402
Negative Slope, Recession Usually Follows

LS

1o Unemployment Rate
&0
(=¥
Slop

40 ] ii T
Fa ’ ' ’ ""' T I] . | : |I i
. " 5 | i I!*L iﬂ Wiy ! Ilf ;

FEE T PR S PR R

4.0

e mglogemend Rabe | Dec. bun-Dec == Tenm Struchere Skope 10 -3 Mo,

Figure2 gives a scatterplot and regression results that showhén@teari 3 month
Treasury term structure slope was positively related to subsgamastht months, annualized)
real consumption growth in the 192913 period, with a{statistic of 36, indicating a
significant relationship. This was true also ingetiods Although a straight line fit is shown,

the relationship has intriguing nonlinearity, worthy of further study.
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Figure2

3 Year - 3 Month Slope Leads Real Consumption Growth.

High Slope leads high growth. Negative slope leads recessions
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Harveyodos tests demonstrated that t-fear sl ope
or 10year Treasury @ld minus the 3nonth yield) had significant predictive ability with regard
to the subsequent 4 quarters of GDP growth in his satopllein-sample and in out of sample
forecasts In sample results are:

Table 1

Table The Forecasting Performance of the Yield Spread a
Stock Market Return Models, 1953:2-1989:2*

Variable a b YE

1953:2-1989:2 (140 observations)

Five-Year Yield Spread 0.02 1.48 0.30
[5.17] [5.57]

10-Year Yield Spread 0.02 1.29 0.32
[5.36] [5.76]

One-Quarter Stock Return 0.03 0.10 0.05
[7.45] [2.46]

Four-Quarter Stock Return 0.03 0.01 0.00
[7.20] [0.50]

* The model estimated is AGNP,; , 1.,.s = a + bX, + u, ., s. AGNP is the
annual logarithmic growth in real Gross National Product. The data
for the second quarter of 1989 are based on the first release available
on July 27, 1989. X is one of: the logarithm of the ratio of one plus the
five-year yield divided by the three-month Treasury bill rate, the
logarithm of the ratio of one plus the 10-year yield divided by the
three-month Treasury bill rate, the one-quarter return on the Stan-
dard & Poor’'s 500 stock index, or the four-quarter return on the
Standard & Poor's 500; t-ratios are in brackets.

Source: Harvey (1989b), Table I.

Graphically, Harvey shows that the term structure is quite helpful in explaining GDP growth:
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Figure3

Annual GNP Growth and Forecast GNP Growth*
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Source: Harvey (1989Db).

Harvey (1989b) alsshowed that this simple\ariable predictor had root mean squared
forecast errors that were as low as thafseost of the top professional forstars over the
periods examined, as in the table below:

Table2

Table III Yield Spread Model Forecasting Performance vs.
Other Econometric Models, 1976:1-1985:1™

Mearn Root Mean
Absolute Squared

Model Error Error
Five-Year Yield Spread 1.7 2.1
10-Year Yield Spread 1.7 2.1
One-Quarter Stock Return 2.4 3.0
Four-Quarter Stock Return 2.5 3.0
BEA 1.7 2.4
BMARK 2.1 2.5
Chase 2.0 2.4
DRI 1.6 2.1
EFP 1.7 2.1
RSOQE 1.7 2.1
WEFA 1.5 2.1

* The parameters of each model are reestimated at each point in the
time series during 1975:4-1984:4. These parameters are used to
forecast annualized percentage growth in the 1976:1-1985:1 period.
The initial estimation period is 1953:2-1975:4. All figures are in
annualized percentage growth. BEA is Bureau of Economic Analysis;
BMARK is the Benchmark forecast from Charles R. Nelson Associ-
ates, Inc.; Chase is Chase Econometric Associates, Inc.; DRI repre-
sents Data Resources, Inc.; EFP is the Econometric Forecasting
Project at Georgia State University:; RSQE denotes the Research
Seminar on Quantitative Economics at the University of Michigan;
and WEFA represents Wharton Econometric Forecasting Associates,
Inc. The forecast evaluation statistics for the sewven models are from
MclNees (see footnote 12). The forecast evaluation statistics for the
model are based on Gross National Product data awvailable in mid-
1985.

Source: Harvey (1989b), Table IlI.
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Harvey(1991) alsademonstrated that the relationship of the slope of the term structure to

subsequent economic gvth is true both for the USA and for several other Gountries.

Table 3
Predicting Economic Growth with Local Term Structure
Country a b Y&
1970:1-1989:4 (76 observations)
Canada 0.03 1.11 0.48
[6.22] [4.53]
France 0.03 0.52 0.13
[6.11] [2.14]
Germany 0.01 0.75 0.29
[2.60] [4.50]
Italy 0.04 0.71 0.26
[7.19] [5.15]
Japan 0.04 0.23 0.01
[10.58] [1.38]
United Kingdom 0.02 0.42 0.08
[4.20] [1.71]
United States 0.02 1.27 0.47
[3.20] [5.71]
World 0.02 1.42 0.54
[5.66] [6.8]

Source: Harvey (1991).

EstrellaandHardouvelis (1991pu bl i shed results quite s
some additional tests. In Figutethey show estimated recessfmobabilities based upon the
slope of the term structure 4 quarters earlier. The correlation is quite striking.

Figure4
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Figure Z. Forecasted probability of recession for current guarter based on the slope
of the wyield curve 4 guarters earlier. The shaded areas denote current NBER-dated reces-
sions. The forecasted probability of recession denotes the within-sample fit of a probit model,
estimated over the gquarterly sample period from 1956:1 through 1988:4, in which the dependent
variable is a binary wvariable denoting the current presence or absence of an INBER-dated
recession, and the only explanatory wvariable is the slope of the yield curve observed 4 guarters
earlier. The slope of the yield curve is the difference between the 10-year Treasury bond rate and
the 3-month Treasury bill rate. Both rates are quarterly averages of annualized bond equivalent
vields.

Source: Estrella and Hardouvelis (1991), Figure 2.
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Estrella and Hardouvelis (1991) looked more broadly at the ability of the terotuse
slope to forecast the components of GDE&nsumption, investment and government spending.
As Table4 shows, they find statistically significant predictability for approximately 2 years
forwardfor consumption, both total and durables, and asanfvestment. However, thherm

structureslope does not have any explanatory power for government spending:

Table 4

Source: Estrella and Hardouvelis (1991), Tdhle

Il n 1996, aandbEstrellaldrad Hardoyvékspirical work, the slope dhe
term structure was added as a predictor wvaria

Indicators seriesln a 1998 study, Dotsey of the Federal Reserve Bank of Richmond found that a
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